The response of germanium to swift heavy ion irradiation is simulated using a hybrid continuum-atomistic approach. The continuum part of the model, which characterises the electronic excitations is an extension of the inelastic thermal spike based on an approximation to the Boltzmann transport equation; while the atomistic part is represented with molecular dynamics. This integrated method can realistically account for the non-equilibrium carrier dynamics in band-gap materials under irradiation, unlike earlier developments based on the two-temperature approach. The model is used to obtain temporal and spatial evolution of carrier density, electronic temperature and lattice temperature for germanium irradiated with carbon cluster ions. Good agreement with experimental data of amorphised latent track radii for different stopping powers is obtained by fitting a constant value for the electron-phonon coupling strength -the only parameter treated as free in the model.
Introduction
The physical mechanisms behind the ion track creation have been a subject of a debate since the late 1950s, when the first experimental evidence for the cylindrical-shape damage were produced [1, 2] . It was later realised that such damage is caused by huge electronic excitations, rather than by direct projectile-target collisions. Such excitations indirectly lead to changes in the atomistic structure through the electron-phonon coupling mechanism. The energy losses in ion-matter interaction are quantified by the so-called stopping power, S ¼ @E @x , a measure of the energy loss per unit distance. For the fullerene beam bombardment considered here, the energy of the projectile is lost mainly to the inelastic collisions with the electrons (electronic stopping, S e ) and this energy dissipation channel dominates over the elastic collisions.
Ion tracks were originally created in insulators, however nowadays with increasing beam energies reaching the MeV regime, these can be generated in metals [3, 4] , alloys [5] and semiconductors [6, 7] . Variations of the thermal spike model [8, 9] are typically invoked when attempting to explain the mechanisms of track formation. The model assumes that two distinct temperatures can be assigned to describe the energy of ionic (T l ) and electronic (T e ) subsystems. Typically, both temperatures are evolved by a heat diffusion equation and coupled via a term proportional to the temperature difference between the electrons and ions. Such two-temperature (2T) formulation was also successfully applied to other ultrafast phenomena, such as materials response to laser excitation, in both continuum and more recently in continuumatomistic frameworks. The thermal spike was primarily applied to metals and its application to band-gap materials (both insulators [10, 11] and semiconductors [12] ) was subject to criticism [13] [14] [15] . Following an earlier development in ultrafast dynamics in lasers [16] (and more recently in [17] ), we adapted an energy transport model based on an approximation to the Boltzmann transport equation [18] to correctly account for the dynamics of excited carriers in band-gap materials [14, 15] . This model is linked to molecular dynamics (MD) providing us with an improved description of thermomechanical properties and detailed atomistic evolution of the irradiated system. In this work, we attempt to describe the behaviour of germanium under swift heavy ion (SHI) irradiation using this integrated framework.
The hybrid model

Extending the inelastic thermal spike model
In the extended inelastic thermal spike model [15] , the carrier (electron-hole) density (N) evolution is described by 
The current pre-factor (D) is the ambipolar diffusion coefficient, following the assumption that the model is locally charge neutral. A similar development, which accounts for decoupled electrons and holes, can be found in [13] . In Eq. (1) the carrier generation (G e ) is related to the initial energy deposited by the ion track and impact ionisation, while (R e ) represents Auger recombination or other sink terms [14] . The total carrier energy (U) is composed of a potential and a kinetic part U ¼ Nð3k B T e þ E g Þ, which leads to the carrier specific heat capacity of
. Here E g ; k B denote the bandgap and the Boltzmann constant, respectively. In the extended model, the ambipolar energy current is given by
ÞrT e , where j e ; j h are the electron and hole thermal conductivities, respectively. This current consists of two terms: one relating to the carrier flow and the other one dependent on the electron-hole temperature gradient. The rate equation of the carrier energy can be expressed as
In our simulations, the source term Aðr½v; tÞ is associated with the SHI electron-hole generation and _ U ep is a sink term coupled to the ions, defined as _
sep ðT e À T l Þ with s ep being the characteristic electron-phonon relaxation time constant. This represents the only parameter in the model that is treated as free, as the remaining ones are relatively well-known for semiconductors (following the assumption that these would remain the same under SHI irradiation conditions). The model parameters for the electronic subsystem are presented in Table 1 . Note that we relate the thermal carrier conductivities to the experimentally measured carrier mobility values via a relationship suggested in [13] (Eqs. [19] [20] . Furthermore we rescale the carrier mobility for elevated electronic temperatures according to [19, 20] . The source term in the Eq. (3) corresponds to a C 60 (carbon cluster) irradiation of a specific ion energy of 0.07 MeV/u. The mean absorption radius ðr mean ) can be obtained by applying Bohr's principle of adiabatic invariance [13, 21] . For non-relativistic ions it can be expressed as
where v is the velocity of the imparting ion and h is the reduced Planck constant. We assume a spatial Gaussian deposition of r ¼ r mean and we choose Aðr½v; tÞ ¼ ADðrÞa Àat with a ¼ 1=s, where s is a characteristic deposition time taken to be 1 fs [22, 23] . Normalisation of A(r[v],t) is constrained so that the spatial and temporal integration equal the assumed deposited electronic stopping power (S e ); in spherical coordinates
where r max is the maximum range of carriers projected in the lateral direction and is assumed to be 5r. A more accurate method of calculating the exact energy deposited in the electronic structure can be made based on calculations found in [24] , which were described more recently in [25] . In this model we assume that a fraction of the energy is required to create carriers (NE g ) and the remaining part goes to their kinetic energy (3Nk B T e ).
Hybrid continuum-atomistic approach
A hybrid continuum-atomistic approach allows us to access atomistic behaviour via trajectory of the atoms, which has several advantages to continuum models. It was shown that in an SHI irradiation scenario the ion temperature can reach above the melting temperature with no track formation [27] . Also, continuum-only models typically neglect lattice straining and emission of shock waves and do not take into account the volume change induced by a phase-transition. More sophisticated continuum-only methods, which incorporate the transport of momentum and mass, exist [28] , however the above effects are naturally included in MD at the level of the interatomic potential. We also note that a similar integrated model for band-gap materials was recently employed in laser irradiation studies [29, 30] .
The coupling to molecular dynamics is performed by replacing the equation for the lattice temperature found in [15] with modified MD equations of motions, according to [31] [32] [33] : to be rescaled according to v0 ep ¼ v ep ðN=N a Þ at each iteration timestep in order to conserve the total energy, where NðN a Þ is the number of carriers (atoms) in a coarse-grained temperature cell. For simplicity the energy exchange is only permitted in one way: from the carriers to the ions. Earlier calculations, allowing for a two-way exchange showed that less than 1% of the total energy transfer goes back to the carriers. This so-called cooling inhibition [12] represents a physical scenario, where the carriers had already diffused away and therefore there is minimal coupling between the hot ions and the carriers. This leads to a fundamental difference in simulations of the band-gap and metallic materials, where in the latter case the energy from the hot lattice can be exchanged back with the electronic subsystem to subsequently diffuse away.
The hybrid simulation setup is as follows. We have used a modified version of the DL_POLY (4.01) code [34] to perform all the calculations. Due to the cooling inhibition we have used stochastic boundary conditions at 300 K in the lateral direction to the ion excitation to create a mechanism for energy dissipations by phonons. The MD cell boundary conditions are periodic to represent a bulk condition. The simulations were performed with a constant time-step of 1 fs in the MD part of the code, having checked that it conserves energy under such strong non-equilibrium conditions. The corresponding electronic structure solver has semi-open (Robin's) boundaries in the lateral direction to represent energy dissipation into the bulk and Neumann boundary conditions applied to the sides perpendicular to the SHI impact direction. We used a cell containing 200 k Ge atoms, with a size of 28.36, 28.36, 5.67 nm and corresponding 25 Â 25 Â 5 coarse grained temperature cells overlay. The electronic temperature cells extended over the MD system in the lateral directions and consisted of 50 Â 50 Â 5 grid points. This simulation configuration is schematically presented is Fig. 1 . The total simulation time was 50 ps. The atomistic configurations were pre-equilibrated in an NPT ensemble. We employ a Tersoff potential for germanium [35] .
In the continuum part of the model, the spatial and temporal evolutions of carrier energy (1) and density (2) were solved using a forward in time, centred in space explicit time-stepping (Euler) method with a time-step of $1as, which corresponds to 1000 steps over one MD iteration. The continuum solver was disabled, once the majority of the energy was transferred to the ions, which occurred typically at $1 ps. An alternative semi-implicit algorithm was recently proposed in [29] .
We neglect athermal effects, such as the impact of the elevated electronic temperature on the interatomic potential. Furthermore, the model is locally charge neutral meaning that the formation of an electrostatic field (i.e. Coulomb explosion) at the initial stages of the irradiation event is neglected. The thermalisation time of electrons is not taken into account and it is assumed that the subsystem can exchange energy immediately, i.e. as early as during the impact of an SHI. Furthermore, owing to the complexity of the model, we neglect any variations of the band-gap, which implies that the carrier confinement (discussed in [36] ) cannot occur. We also recognise the limitations of the interatomic potential employed, which overestimates the melting temperature of germanium [37] .
Results and discussion
Using the hybrid continuum-atomistic model, we performed simulations of germanium for various electron-phonon relaxation [38] ). An exemplar latent track is presented in Fig. 2(b) . Lattice temperature and the corresponding carrier density and temperature temporal evolution -at different radial distances from the track centrefor a typical simulation are presented in Fig. 3 . The impact of the collapse of the band-gap in the molten region on carrier diffusivity (i.e. carrier confinement) could enhance the coupling between the two subsystems leading to formation of larger ion tracks. Preliminary continuum-only results for silicon indicated that such effect could lead to 10-20% increase in track sizes. We have additionally performed basic parameter sensitivity analysis, which showed that the model is quite sensitive to the choice of the ambipolar diffusivity (a factor of 0.5 decrease in D, results in an $1.5 factor increase in ion track radii) and relatively insensitive to the variations in the remaining input parameters. Furthermore, the melting temperature could decrease as a function of the electronic temperature due to athermal changes in the interatomic potential (as for silicon [40] ) and thus the melt track radii could be underestimated for such strong electronic stopping powers considered here. Results for silicon under heavy electronic excitations generated by SHI irradiation, which include the athermal effects, would be presented elsewhere.
Conclusion
Based on the premise that the two-temperature and continuum-only description of the behaviour of band-gap materials under SHI irradiation is incomplete, we built a hybrid continuumatomistic approach based on the extended inelastic thermal spike model. We presented exemplar simulations for germanium, which showed that the model is consistent with the experimentally seen amorphous radii of latent tracks produced by SHIs using one fitting parameter -the electron-phonon relaxation time. The model provided us with temporal and spatial evolutions of the ion temperature, carrier density and energy. We believe that this framework can be applied to lower impact energy regimes, combining both the inelastic and elastic projectile-target scattering types and, in the future, it could employ new potentials parameterised with respect to the electronic temperature to distinguish between the thermal and athermal processes.
